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A«  Charnes  end  Ac  C\  Studry 
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Abatre  si 


Modern  of  situations  i<  vriich  individuals  f  ra  fa^ed 
with  r.oJ.tiple  activities  amiiig  wni-jh  they  nrust  allocate 
their  effort  nre  pcsluliied  Optimal  allocation*.  are  found 
for  fern-  assumed  i./civ&t  lor  a.-  structures  profit  maximisa¬ 
tion  and  t hr  *  invol'ing  oerfomamo  foa'l u  in  aarli  of  ths 
aetivJ.tr’.tK'i  •.  Haorietie  r;  proxjaatic  ne  no  the  optimal  alio- 
nations  f.rs  developer!-  AAm>..  the  relit  Loiishlps  between  the 

vario"^  r^otivatio..  struct'^  us  are  explcredn 


Introduction 

This  paper  foms  cr.c  part  in  r  series  of  research  studies  concerned  with 
budgetary  theory  arid  practice*  In  ihese  studies,  interest  hae  centered  or. 
organisational  aspects  o.f  b'rigeting  with  a  concoud tant  emphasis  on  control 
*nd  related  ideas  of  goal  formation,  effort,  lactivatior.^  euperiox^rubordinate 
relationships  and  other  cociponents  of  goal-oriented  activity.  Thus,  by 
emphasis,  at  least,  these  studies  differ  from  the  curtonwry  approaches  to 
budgeting  research  which  deal  priiuai'ily  with  planning,  foro casting  and 
coordination,  ^  The  letter  have,  perhaps  naturally,  been  directed  to  the 
Bconaric  tsognitudes  which  are  deeati  pertinent  for  el  sc  ting,  -core  or  less 
rational  choices  between  1 1 --r.rr.»ti  s ja,  insuring  that  all.  alternatives  ar« 
considered  and,,  at  least  in  principle,  that  opti’iii.ation  criteria  or  ether  • 
Isolde  rata  are  up.tlr  *ied  when  a  choice  is  finally  made..  By  and  large  (it 
seerae  fair  to  v  y )  tha  latter  type t  of  studios  ha  n  tarried  to  bypass  —  or 
at  lee.st  they  have  failed  to  fcToallsc  arri  mike  explicit  **--•  the  organisational, 
psychological,  ecx?  v&xsgs  lal  dime  colons  which  require  ccncideraticn  in  any 
sttaej-T.t  to  ohCvTRC'^rxto  the  control  aspects  of  budgeting  for  purposes  of 
scientific  validation  and  tsstirg, 

V/e  shall  not  report  hsre  the  results  of  such  empirical  tests  os  we 
ha-.^s  beer,  able  to  make  although  wa  shall  proles  rcofsrences  to  this  work 
at  suitable  point a  in  the  text,,  Ths  exphaais  hers  will  be  rather  on  the 
rental  models  which  ve  have  utilised  as  guides  for  effecting  these  studies 
p.rxf  tests* 

^"sep  Cl.arnsE  »mri  Cooper  [  3  ]  pp,  viii  and  39*40  for  further,  but  brief, 
discussion  of  control  and  plsnning,  A  more  extensive  discussion  which  is 
clraoly  related  to  the  budgeting  literature  (end  also  relevant  parte  of  the 
psychological  literature)  is  contained  in  Stedry  [id* 


A  frw  retries  on  ti.j  .cdcl v  which  we  have  developed  — *  as  wall  as  th« 

;?ay  wc  have  developed  than  -  f.ro>  psrhape  in  order  at  this  point-,,  First,  we 
obssrva  that  there  is  very  littlu  in  the  budget!  n;.*4&ftnageaeri  literature  which 
previd  so  clear  guides  for  the  fonsatl-an  of  r:ch  nodols  end  related  methods  of 
mnl^lSo  Second,  wo  observe  that  a  alnilar  situation  prevails  in  the  basic 
scientific  liters lure  in  areas  such  ai  economics,  psycholsgj,  end  organisation 

a 

•.hccry  whera  the  guidance  fcae  had  to  ■'»  garnered  fora  ideas  and  conr.tucto 
dutch  are  either  vague,  partially  forrulatod,  or  uaugeti&l  to  the  laain 
direction  of  this  research  on  the  e  vitrei  aspects  of  budgeting  <-  This  is  true,, 
"or  Ji  fttancs,  of  ouch  constructs  as  allccat  ior.  cf  managerial  effort, 
organisational  goals,  and,  s-vn  true  of  the  pjych >legio*l  "aspiration  level" 
constructs  which  we  shall  also  euploy ,  but  only  t.?tsr  adjusting  and  extending 
them  to  the  aultiple-tsxk  situations  in  a  probabilistic  context  with  which  we 
nhrll  be  concerned,, 

"ot  s  brlvf  rec.^.rJ's  «n  the  mathematics  *e  •  nill  utillao  arc  also  in 
era. nr  Cat  possible  approach  would  prcccGd  ^nti^ly  by  neans  of  the  theory 
of  sola  &/)d  icl-lcd  ideas  fi'cm  forjia!  Io$Lc,  cay ,  as  a  way  to  reduce 
substantially  tie  ntx.bcr  uf  assumptions  utilized  :jn  ordor  thereby  to  secure 
the  utaoet  .-junariCity.  Sven  if  successful,  however,  such  ar  approach  would 
not  have  yielded  the  kinds  if  sharp  analytical  £  Ides  which  were  desired  for 
the  ccuclsiiant  supirtr.&J  research*  A  largo  and  difficult  task  of  interpret** 
tier  would  have  remained ?  c  ron  at  the  end  of  sue  i  on  analysis,  if  only  because 
the  guides  fro  a  managsmsnt ,  peychcilogv,  id  oconsnics  are  vague  at  crucial 
points c  1 0«i,  the  research  or  would  then  be  left  with  the  task  of  specifying 
sews  function  in  order,  uiy,  to  f craniate  experlmontal  hypotheses  for  the 
investigation  of  such  pfcsr.oriBna  as  effort  and  aspiration  relative  to 


probabilistic  and  aultl  pie-task  situations  with  no  more  info  nos  tl  on  than  la 
available  to  these  authorr  rui  would  than  be  left  with  the  task  o.f  carrying 

the  jraihenatics  forward  to  utiliio  the  specific  p&operties  of  the  functicnr 
chosen.  Hence  a  different  approach  with  correspnrdlcgly  mors  specialized 
assumptions  was  attempted » 

One  part  of  this  approach  is  based  on  the  ideas  of  chance-constrained 
pregrflandng  which  io  hers  extended  so  that  ea3oa  in  which  the  Joint 
probability  of  oirtult?r.ecr, inly  satisfying  eevnral  conotreints  (i-n  the  form  cf  ' 
goals)  can  be  considered  explicitly.  This  is  further  elaborated  to  include 
cases  in  which  a  subordinate,  say,  in  response  to  different  i-sward  strictures 
nay  striws  to  maximize  hir>  reward  as  a  function  of  goal  attainment  subject 
to  constraints  cn  all.  or  a  subset,  of  the  probabilities  cf  attainment  of 
specific  goals  taken  tidi'lduallyo  Froa  there  it  is  an  easy  stap  to  include 
stipulationa  cn  ether  subnets  which  must  then  be  satisfied  when  pursuing  the 
Indicated  maxiciaatien.  arri  so  on. 

Of  course,  c.  chance  -cerstrained  prjgranwio?  approach  generally  requires 

some  specification  of  ths  underlying  probability  distributions.  A  Kids  range 

of  possible  choices  is  thus  erailublc,  For  instance,  one  might  make  the 

usual  assumptions  of  noimolity,  ctc«  in  order  to  ottaln  cccaae  to  the  prepared 

2/ 

theory  and  tables  of  dasr-lc&l  statistical  theory ,  The  resulting 
preperties  of  syinetry  do  not  otherwise  have  iruc  \  appeal,  however,  since 
aseyt&tx?  (or  skewness)  io  ,roch  nore  likely  to  prevail  in  the  kinds  of  situations 
which  are  pertinent  far  thir.  research.  Doubtless  other  properties  such  as 

^  Vie  do  not  here  cover  the  entire  gamut  of  decision  rule  possibilities  aa 
discussed  in  Ch&rnae  tnd  Cooper  Lis.  1  dealing  vlth  this  topic. 

2/ 

For  a  chance-constrained  programing  formulation  in  suel  tents  see  Charnee 
and  Cooper  (  5  L 


suit!  -Kodalit; y  and  discontinuity  ere  also  prasemt  and  should  bo  oonoldorod 
r.s  the  situations  examined  And  the  related  theories  end  methodologies  eaorge 
fi-oo  further  research  in  the  area  of  control  budgeting.  For  the  present, 
vfe  have  deezssi  it  advisable  to  adhere  to  fairly  sin  pie  distributions  which 
at  least  have  the  indicated  skewness  properties.  These  distributions  nay  be 
regarded  as  of  the  exponential  type  they  are  el  so  conditional  distributions  — 
although  they  will  also  be  sem  to  be  related  to  the  kinds  of  distributions 
utilized  in  the  search  theory  literature.  ^ 

Although  tlie  latter  theory  is  else  concerned  with  effort  allocation,  at 
least  in  a  gonaric  eons  a,  wo  do  not  wish  to  push  the  point  of  actual  releraneo. 
Suffice  it  to  c«y.  therefore,  that  this  approach  has  at  least  proved  useful  in 
supplying  guidelines  for  the  empirical  research  which  we  have  also  undertaken. 
FvrtherBOre,  aT  though  we  have  had  to  extend  these  search  theory  eodels  to 
multiple "goal  situations  we  have  also  found  it  possible  to  do  so  in  a  way  that 
doss  not  yield  unduly  cumbersome  and  complicated  models  and  results.  Finally, 
we  have  also  been  able  to  effect  the  development  s  in  such  a  way  which 
transforms  such  dubious  variables  as  "effort"  into  other,  more  easily  otr-erved, 
performance  variables 

To  close  this  introductory  section,  we  also  note  that  we  have  elsewhere 

2/ 

treated  other  aspects  of  these  models.-*'  Rare,  however,  we  shall  attempt 
to  cl 3so  certain  issues  which  were  left  unattended  in  these  other  treatments. 

In  particular,  we  shall  establish  certain  conditions  for  the  aodLetenoe  of  the 
indicated  solutions-  Also  we  extend  and  sharpen  these  previous  formulations  In 
other  respects  as  well.  Hence,  in  these  respects  at  least,  we  can  now  be 
sure  that  analytical  theory  which  we  are  using  to  guide  these  studies  is  of 

I*  logically  consistent  and  non-empty  variety  although,  of  course,  this  does  not 

1/ '  See  do  Guenin  [11]  for  a  ’discussion  oi  the  bearing  of  this  theory  on  "effort 
allocation"  for  its  possible  extensions  to  other  kinds  of  statistical 
distributions  and  its  origin  in  the  work  of  B.  0.  Koopaan. 

3/  See  Charnes  and  Stedry  f7],and  [8]- 


5 


settle  the  issue  of  empirical  validity  for  either  normative  or  descriptive 
applications , 

23  Basic  Assumptions: 

We  shall  return  shortly  to  the  nature  of  our  specialising  assumptions 
in  the  mathematical  and  statistical  domains 0  Here,  however,  we  want  to 
bring  to  the  fore  the  kind 3  of  psychological  and  organizational  assumptions 
we  are  also  making „  and  we  shall  try  to  do  this  in  a  way  which  also  permits 
references  to  pertinent  parts  of  the  literature  in  these  domains* 

First,  we  shall  delimit  the  environment  in  which  control  is  exercised 
by  focussing  on  a  hypothetical  supervisor  of  a  sub-unit  in  a  hypothetical 
organisation*  We  further  assume  that  it  is  possible  to  obtain  measures  of 
performance  which  may  be  imputed  to  this  supervisor  in  each  of  the  activities 
in  a  set  which  ia  assigned  to  him.  More  precisely  we  shall  be  concerned  with 
relative  performance  measures  which  arc,  in  turn,  functions  of  the  amount  of 
effort  which  this  supervisor  decides  to  assign  to  his  various  tasks*  As 
already  indicated,  we  shall  effeot  these  developments  in  a  way  which  factors 
out  "effort"  ^  as  an  independent  variable  so  that  we  can  use  "performance" 
as  a  surrogate,.  This  will  also  enable  us  to  avoid  naving  to  deal  explicitly, 
and  at  length,  with  such  issues  as  the  significance  that  may  attach  to 
"decisions  on  effort  allocation"  and  how  ti  is  kind  of  phenomenon  ie  to  be 
observed  and  measured* 

Second,  we  shall  also  confine  ourselves  to  short-run  situations  and 
phenomena.  Che  reason  for  this  is  that  the  field  studies  —  and  laboratory 

I T  As  used  here  the  term  "effort"  ie  to  be  understood  as  "search  effort" 
in  the  sense  described  by  Simon  C 163  and  March  and  Simon  [15],  That  ieP 
the  supervisor  is  not  necessarily  viewed  as  expending  "toll"  directly  on 
the  task  but  rather  as  expanding  effort  in  a  search  for  improved  solutions, 
procedures,  bo  that  better  performance  may  ultimately  emerge  from  development 
of  the  resources— human  and  material^whieh  are  at  hie  disposal* 


studies ,  too  -  have  generally  been  restricted  to  ju&t  such  short-run  cases 0 
Thus  we  shall  abstract  from  such  problems  as  aging,  gaining  experience, 
moving  up  (or  down)  the  managerial  hierarch  and  related  phenomena  such  as 
organization  rerision,and  wearing  out  of  resources. 

It  5.s,  of  course,  necessary  to  assumo  some  kind  of  technological 
environment  which  relates  performance  to  effort.  Part  of  this  is  accomodated 

by  tha  k.'jida  of  search  -distribution  functions  which  wo  have  already  discussed, 

% 

Tnuo.  in  particular,  we  want  the  relationship  between  performance  and  effort 
to  be  of  a  probabilistic  nature  ,  In  particular,  we  deem  it  desirable  to  have 
sonw  sort  of  "diminishing  returns"  hypothesis  so  that  the  probability  of 
increased  performance  begins,  r.t  setae  point,  to  increase  only  at  a  duninishing 
rate  with  further  effort.,,  We  also  want  the  prob^bili-y  of  attaining  any 
performance  goal  tc  be,  in  general,  less  than  unity  even  when  performance 
and  effort  are  pooitively  related. 

The  multiple-task  situations  which  are  of  interest  here  will  naturally 
load  to  considerations  of  the  pceeible  mixes  of  performance  that  a  supervisor's 
sub  -unit  may  produce.  We  shall  want  to  relate  these  (and  the  supervisor's 
responses)  to  various  reward  structures,  and  thereby  also  relate  these  to 
possible  incentive  schemes  and  maximizing  propensities  of  a  (more  or  less) 
classical  economics  variety.  For  instance,  we  shall  be  concerned  with  the 
managerial,  considerations  that  might  attach  to  various  reward  mixes  which 
might  be  used  to  produce  performance  mixes  that  correspond  to  what  is 
desired  by  higher  management. 

These  kinds  cf  reward- performance  possibilities  are  certainly  pertinent 
to  the  problems  of  budgetary  management.  They  are  not  sufficient  of  th’sPJeslv®* 
however,  to  provide  what  ie  wanted  for  purposes  of  budgetary  control 


unless  one  is  willing  tc  aake  very  »trong  simplifying  assumptions  on  the 
info  relational  and  behavioral  wriablos  which  ara  likely  to  br>  present 
For  instance,  the  kinds  of  instructions  that  a  (subordinate  receives  on 
his  physical  outputs  may  enter  in  ways  that  color  or  qualify  hie  behavior 
relative  to  the  dimensions  of  the  monetary  rewards  ha  may  be  interested  in 
attaining,  Wo  shall ?  in  any  event,  assume  that  thin  ie  the  case*  Wo  shall 
also  assume  that  the  way  a  management  has  responded  to  hie  performancss  irioccn 
ija  the  past  will  also  influence  his  current  behavior,.  Finally  we  shall 
asavoic  that  this  hypci-hotical  supervisor  is  also  caprble  of  fonaing  goals,, 

•£ore  or  lens  independently,  and  that  these  ;co  will  influence  the  performance 
of  his  eub  unit  through  the  indicated  kinds  c f  technological  relations  and 
possibilities* 

Although  wa  ohall  rssur.1  that  isanfigenwnt  i3  free  to  change  its  instruction!} 
and  its  iwarde  in  ways  that  can  affect  the  i:upervicor(,e  porformaree  via  hiw 
relative  effort  allocations  we  shall  ale©  make  certain  other  assumptions 
which  also  affect  the  total  effort  that  this  supervisor  will  expend  on  all 
tasks*  Thus,  for  instance,  wa  shall  nncumo  s  stipulated  maximum  amount  of 
effort-  at  bia  disposal,  Although  this  will  ba  stated  in  the  form  of  an 
inequality  constraint,  the  maximising  assumptions  that  we  also  moke  will 
(as  wo  shall  ace)  have  the  effect  of  ensuring  that  all  of  this  available 
effort  ie  actually  allocated » 

Given  these  assumptions  and  their  consequences,  the?,  our  strategy 
will  be  directed  to  deducing  p-opooitions  which,  interpreted  as  predictions* 
can  then  be  used  to  tent  the  model  relative  to  situations  in  which  the 
following  phenomena  are  presents  (1)  a  single  and  fixed  technology  and 

(2)  several  motivational  structures  of  prescribed  kind  relative  to 

(3)  various  kinds  of  short-run  instructions  and  reward  structures  that 


a  management  might  utilise  to  influence  the  performance  which  such  a 
supervisor  rai^t  induce  in  his  sub-unit , 

Tho3G  prodicii one  ara  uhon  available  for  empirical  testo*^  V/ithin 
the  confines  of  this  theoretical  paper  r  however,  we  uhall  go  &  otep  further 
by  outlining  an  ex/unple  of  a  method  for  proceeding  to  control  ayetem  design 
should  one  of  the  motivation  structures  provide  predictions  which  can  be 
empirically  validates* .  S pacifically „  we  shall  consider  the  following  kinds 
of  motivational  assumptions  s  (1)  mrodx3?.7.ation  of  expected  reward  where 
reward  in  proportional  to  expected  profit;  (2)  svaximisttMon  of  expected 
reward  whore  reward  is  a  function  of  the  attainment  or  norv-attainment  of  e 
act  of  goals;  (3)  maximisation  as  ir.  (2)  with  constraints  (lower  bounds) 
placed  on  the  probability  of  attainment  of  a  sot  of  minimum  standards!  and 
(h)  maximization  of  the  joint  probability  of  attainment  of  goals  in  all. 
performance  areas,.  For  each  of  these  assumptions  we  shall  determine  optimal 
behavior  including  the  effort  allocation  to  each  performance  area  and  the 
expected  performance..  From  these  optimal  determinations  we  shall  derive 
approximate)  heuristics  \iiioh  could  constitute  the  basis  for  behavioral  predictions 
where  limitations  on  computational  ability  are  assumed  to  render  the  precise 
optima  unattainable  by  an  actual  supervisor, 

■■  i »  i  mm  iw  1 1-^1  ■  I  t  M  m  ■■■»— — — mremmmm 

The  question  of  whether  or  not  anything  but  behavior  may  be  objectively 
mea cured  has  been  a  long -argued  one  in  psychology  „  Tho  problems  involved 
in  attempting  to  detemine  underlying  motivation  structures  by  direct 
nseas  uremant  ara  such  taat  the  selection  of  motivation  structure  t&ich 
provides  go.xi  predict.4  ens  of  behavior  as  the  basis  for  the  design  of 
systems  to  influence  behavior  may  conotitute  the  only  operational  way 
to  proceed  even  if  it  does  not  supply  adequate  understanding  of  the  under¬ 
lying  phenomena. 


Technological  Assumptions 


In  order  to  construct  &  framework  --Ithtn  wliich  the  offsets  of  the  various 

motivational  a c sumption 3  may  be  studio*'.  it  is  necessary  to  assume  Bans 

function  which  x*elate8  performance  and  effort  in  each  activity,  For  reasons 

* 

that  we  have  indicated  above  it  is  desirable  that  this  function  be  one  in 
which  the  probability  of  attainment  of  any  performance  level  (ebovo  some 
arbitrarily  low  laurel)  bs  lots  than  unity  for  finite  effcrt.r  ujid  that  the 
function  portray  diminishing  returns  to  additional  effort  as  effort  io 
increases ~ 


Specifically*  wc  assume  that  performance  in  t-he  activity*  - 

'  A  ° 

take  on  discrete  velv.as  ^  1*0,1,  c-  ,'o ,  here  1  <H  *ij>aitr 

Further  we  asotsie  that  the  probability  of  r. .  attaining  »  ^alue  greater  thi 

<3 

or  equal  to  may  be  expressed  as  a  function  of  ^  y  the  amount  of  effort 
allocated  to  the  ejpea,  by  tho  equations: 


(la) 

and 

(lb) 

where 


F(X)  ?  *0J}  "  1  f8pJ-1— 

Cm) 

P(xj  >  a^)  ■  k^j(l~c  J  J  for  i'O.fc.eojCDj 


1  </  -v’’  ^  >  k  £,3  • 


0  <  k.  .  <1 
*  ij  • 

k»j  -° 

b  >  0 


It  ie  readily  perceived  that  the  attainment  probability  appr<  aches  ku 
asymptotically  as  inrreaaes,  The  rate  of  approach  tc  ku  is  determined 


-IQ- 

by  the  parameter  a^|  the  greet er  the  leas  the  amount  of  effort  required 

to  obtain  the  ease  proposition  of  the  limiting  probability  of  attainment 
'fha  r^seiiblancQ  to  certain  functions  used  elsewhere  in  the  context  of  search 
theory  ia  or  course,  clear,  however,  the  specification  of  two  parameters 
as  we  have  done  here  provides  for  considerably  greater  flexibility  than  ie 
provided  by  these  earlier  functional  It  ie  possible  to  differentiate 
between  levels  of  performance  difficult  to  attain  because  (l)  k^j,  and  henoe 
tho  probability  of  attainment  is  snail  no  matter  how  much  effort  is  consumed; 
oven  if  cij  is  large  and  (2)  a,  is  anall  thus  requiring  much  effort  to  ooiae 
close  to  even  if  the  latter  is  dose  to  er  equal  to  1«  The  difference 
may  be  illustrated  by  an  analogy  to  two  grass;  in  one  the  player  receives 
a  nickel  if  a  toss  of  a  fair  coin  (already  in  herd)  cones  up  heads;  in  the 
other  he  receives  the  nickel  if  he  finds  it  in  an  elaborate  Chinees  pux ale-box. 
The  probability  of  naming  at  least  five  cents  cannot  exceed  one-half  in  the 
first  case  although  little,  if  any,  effort  is  required  to  reach  the  limiting 
probability.  In  the  second  ease,  the  likelihood  of  oandi^  at  least  fire 
cents  is  high,  although  a  considerable  amount  of  effort  maff  bo  expended  in 
the  process. 

For  acne  of  the  motivation  structures  to  bo  investigated  it  is  only 
necessary  to  specify  the  probability  of  attainment  of  one,  or  at  most  a  few. 


2/ 


In  fact,  its  reciprocal  in  analogous  to  the  "tine  eorntant”  of  elsotrlcal 
engineering,.  Specifically  1/a.  ie  the  amount  of  effort  required  for  e 
probability  of  attainment  approximately  equal  to  6J%  of  tho  limiting 
probability. 

E„g,,  Charaes  and  Cooper  £  4],  in  our  terminology, 
for  all  J,  k. 


V1*"4 


11  ~ 

performance  levels  as  exproased  above  l- here  the  motivation  3  8  in  terms  of 

expect od  val:  *;  c ,  hcwovar,  something  met  be  knc./n  nfccvi  the  dersity  of 

1  / 

over  i.tc  entire  range, Vj  novo  bn  at t 


(2a) 

and 

(2b) 


P(xJ  "  “op  "  1  '  k?,.J  :i 


i? 

<*«  V.4 

O  J  ' 


for  J  -  1  ,.,,n 


(\ 

Hx,  M  a.  .)  ■*  (k  ,  k.  .  ,)(!  <3  *•'  *J'for  .1  •’!, ..  .  ,oo;  J 

j  j-j  j 


*0  a 


Tho  sum  of  the  density  tor/ns  ov or  i  is,  of  course,  at.ual  to  unity  avui  the 
expected  value  rosy  bo  exprwsred  as? 

CO 


(3)  E(x.)"a 


jKi  a  k  .1°-  *  lj  ^  ' 


i»*l 


“tj’Xl  Vi^)(l  c 


•*« 

j  *J\ 


Noting  that  this  <>um  my  bo  parti hi onod  into  conct&nt  tern  and  a  term  in 
Cjo  W8  let! 

, .  oo 

(4)  b  "$->®  f!b' "  Vi(1  tV  *  i;1  "  i-i.i 


so  that  the  expected  valve  may  now  ba  6irap3J.fi od  to: 

(5)  E(Xj)  -  X,  <£j  «oJ)  •  J 


Higher  moments  of  thin  distribution,  if  desired r  may  be  analogously  derived. 


2/ 


^  It.  is  quite  possible  that  the  oenurronco  of  a  partlculM*  motivation  structure 
may  be  influenced  by  the  relative  est.iiL3bjJJ.ty  of  expected  values  no  other 
distribution  parameters  which  require  some  knowledge  of  the  distribution  over 
its  entire  range  as  opposed  to  probabilities  of  attainment  at  a  few 
specific  points, 

\f  Specifically,  if  we  define 


we  firei? 


-I* 


Wc  nhall  invc  rtigate  ih<s  /.nplioj  tione  of  possible  behavioral 
vof.::c:\  3  to  or.vuvi  zzK.r  •  J  civ.trole  within  ths  framework  of  this  tochnologyc. 

A.\Urj;yh  fro  function:  forma  found  for  the  allocative  responses  are  thus 
limit  at  „  the  ir.  sight;*  gained  are  riot,  loo  methodology  to  be  used  is  generally 
applicable  to  teehr /.ogles  In  which  the  probabilities  of  goal  attainment  (lb) 
and  tho  expected  /*.Le®o  (?)  are  ccrca  e,  c iff e rontiabl*  functions  in  ^  „ 

u. 'i.i  Wh on  .and  .  *  a  tcchr.ologica1  fona  having  these  properties  is  found 

v. viid'  i.*:  nu.-re  pplioncl  -j  Ic  o.  x<  .'tlci/lar  sit  nation,  it  may  readily  be 
••restitute.’  or  tho  functional  form  wc  have  selected-, 


“03* 


Model  X  -  Maximization  of  Expected  Profit 

The  usual  assumption  made  in  research  on  the  inirafim  control  syaton 

in  a  decentralized  firm  is  that  each  individual  supervisor  will  (or  should) 

act  to  maximize  profit.  The  relationship  between  the  profit  maximization 

model  and  others  is  therefore  needed  if  a  tranai  -ion  is  to  be  provided  between 

economic  theory  and  the  control  mechanisms  actually  observed  in  business 

practice,.  The  primary  feature  which  distinguishes  this  model  from  ctheiu 

we  shall  present  is  the  absence  of  perceived  discontinuities  in  reward 

associated  with  the  attainment  of  specific  levels  of  performance*  Tho  absence 

of  such  discontinuities  allows  for  tradeoffs  between  performances  in  the 

various  activities  which  are  both  determinant  and  f.  nite  <=—  a  property  which 

holds  at  oily  a  few  points  in  other  models* 

We  assume  here  that  the  supervisor  perceives  hie  reward  to  be  jar>pcrticnal 

to  the  profit  contributed  by  hie  sub-unit.,  and  that  he  wishes  to  maximize 

the  expected  value  of  hie  reward*  Assume  that  unit  of  performance^,  x., 

.  « 

contributes  in  amount  0^  to  profit,  independent  of  Then  his  reward 

may  be  expressed  as: 

(6)  H  -  I  e.  x 

J-l  3  3 

and  its  expectation: 

n 

(7)  E(R)  -  L  P,  E  (x.) 

J»1  3  3 

I ^  The  multi  plication  of  all  of  the  0.  by  a  constant  -  e*g*,  to  convert  profit 
into  a  proportional  reward  -  leaves  the  problem  unchanged.  For  convenience* 
we  will  assume  profit  and  reward  here  to  be  equal  although,  ao  pointed  out 
by  Whinaton  [20]  this  is  rarely  the  case  in  actual  decentralized  organittatiene  * 


For  the  technology  assumed,  we  may  a»pre63  this  expectation  as  a  bub  over 


cno  tv'  n»  o'  (3)  \\v. 


(?) 


FAR) 


n 


A*' 


L'  ’s  1 

J-l  J 


n  v 

1  01  (x«  ^  J  2 
>1  J  J  0j 


Ih'5  first  suracatioi.  ic  independent  of  v.ho  effort,  allocation  and  indeed, 

! 

of  tot?  i  effort  expended  by  the  supervisor.  Ivo  shall  term  it  the  tec*  irxolo,~d e#  i 
c>tt:umn,ij  it  >r. ay  bo  'nte._rei.ecl  as  the  expected  valus  cf  j.ccfit  (&r.d  reward .) 
Ji'-AtlS  ?.  ;•»  affeyta  were  urnccc-ssiru.  It  represents  the  expected 

profit  that  csule  on  attained  by  the  organisational  3U*> -unit  were  it  possible 
to  ae; -v  ire  that  tlio  factors  of  production  respond  automatically,  without  t. 
sup^rvi^r/  Ini:  rvaniicn,  to  the  racjuiixirisrite  of  profit  caxJjaation*^  The 
second  soa-calior.  r a presents  the  dotr&ction  f'-cra  the  technological  optimum 
which  voul/J  bo  at  rained  under  the  anew^tions  of  classical  econoale  theory 
where  the  factors  of  production  arc  cooperative.^  1«  wi-a*rf  bo  fiiS.xiwM.vie 
',ro fie-  nd  hie  oxysetod  m*erd )  the  BvpsrviHor  wiohas  to  allocate  hie 
effort  so  eu  to  minimise  this  sue  of  dobraetions  occasioned  by  his  inability 
to  ex;«od  infinite  effort.  In  pirtiorlar,  asouxi tig  his  tctal  effort. 
sxpirtfLH.ure  to  bo  15jrait«xi  co  an  amount  P  .  bio  raw  six’.  aaadad.satica'.  may¬ 
be  expressed  ao : 


It  is  ral&ted  to  the  concept  of  "perfect  standard"  in  the  budgeting 
litorature  i  s,-  „  a  porfomanco  that  can  be  attainod  if  no  ooheduling 
difficulties,  orrero,  accidents,  etc.  occur  -  which  is  generally 
viewed  as  the  technologically  optimal  performance  were  tbs  "human 
elome.it"  not  to  intervene. 


2/ 


Ch-r  in  the  budgeting  context.,  ooj'srtvre  from  "perfect  standard". 


(9n 


1  Vi' 


0 


Subject  tc  ° 


n 

Vi 

j-i 


(■'.  < 


*,  *> 
J 


<  c 


W«  shall  pi-os  ont  th-e  ioanltr  lorv  without  prjof,  1  lev--1  or.  "’d  tl 


algorithm  for  the  nolutlru  of  ti>r  n.v  thuna 11 -j.il  problem  VU/-v.>h.M*t*  L "  j 


1/ 


i  uoifical'l  -v  the  PiTo.>r7l.ro::  rhouM  r.rviAr  th.r  K'olucl :'  v  ,  >?  >  largos'* 

-  1  1  i  1 

the  a  nr.  .licet  where  ■ 

(10) 


‘h 


-  p,  <£* 


a  .) 

o.'l 


!>•  should  t-hs.r  al  * ooatc  0.3.1  of  his  o !*.''*•  :-rt  to  a  aubest  cf  the  actiTM-1.es. 

( 

■* 

J,  !*h--  >'■*  a  .  >•)  .  \c  r.  x:.'f  iolerVlv  'Aer.;o  '-'b-jjffl f.-"  .lar*.»"  i-.:  det-wif  r. 
--  1 

.ho  uiocon-J  U  : 


(11) 


min 

reJ 


/V 

v*.., 
a  * 


.  .  a . 

j™  J 


v  ;  a  **  (  i 
•  u£/  j  ^  ' 


2«XX 

s?(*J 
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It  ^r« 


•'  •  '  c  i 
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1  V!  t  'J  t 
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The  optimal  of  fort  allocations  are 
gicoR  by  /Os 

I  - 


£  .  j,. 
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for  r  e  J 


The  results  follow  fnm  the  Kuhn  Tucker  theoron  fib 3  -und  an  extension 
of  an  algorithm  of  C names  are*  Cooper  [  •'] 


t*  Q 


-16- 


mtd 

(-A' 


C 


a 


4  J 


In  this  form  our  earlier  statement  regarding  the  multiplication  of  all  of 
the  3^  ty  a  constant  loavin g  the  effort  allocation  unchanged  may  be 
readily  verified.  Kecal.'ing  (10)  and  (12)P 


(is: 


A 

r 

•j 


in  [  vffa  -  ao,>] 


k  ' 

Then*  if  v/o  multiply  oaoli  of  the  3^  by  a  constant,  a  to  obtain  3j  wo  observe: 


(16^  o  -  ln[c-  p  (x.  a  ,)3  -  lu[a.£ .  (x  -n  /»]  *  k  -  /  ♦  k 

J  J  J  J  oj  J  1  J  o.j  J 


v  .  *1- 

jk_!i 

r  -L. 

w  aJ 
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Y 

IJl 


j&lJx- 

i  — 

jfj  aj 


fc  £  JL 
*  . . jfcLTj. 
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.1eJ 


a. 
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jL_1i 


*  k 


ieJ 


'll  ic  multi  pile  at  i  «.  tr.v?u  *omf>tion  clerr'y  J  ■;  aves  the  inequality  (ll)  and 
the  equations  ( 13  )  unch  inged^, 

V’e  may  therefore  express  tbs  bahaviorcl  predictions  in  quite  aimpl* 
foTOo  If  wo  let 


(17) 


13 


J 


where  j» 


we  may  express  the  optirail  effort  allocations  as: 


e 

j  —3L- 

W  aU 


(18) 

and 


r  "a  ln[a  3’  (x 
r  r  Kr  r 


aor)3 

or 


**  0 


for  r  e  u 


for  •  /  J 


i" 


Substitution  of  (10)  in  (  5  )  vo  obtain: 


(15' 


E(:c5) 


«•  fi. 

>3 


for  r  e  J 


for  b  J 


Tim?  the  per.-CVr .a-xnco  ax:oebcjd  at  optiaua  for  aotivff  V.e  r*ru'.\i  <vj  effort 
Ul  J *or  fro.x  th:.  infinite-  a*'fort  expected  vnlus  by  an  aw >«t  iir.vrs^b-’ 
^roport J or.iu.  to  the  pvc  U>c t  of  the  nenritivitv  i,  j  e^f-v,  t  th*  j^lntivo 
contribution .•  For  thus*  r.rt  rcccivi.  e  the  cvovota-i  p-  »*fo:vtn«v  wi3  L 

>■'&  at  th:  level  attainable  \-ti  -*i  10  effort,. 

We  hi  to  thus  found  .  oi  uylo  heurlet in  fv:  boharivt  •’  pv**bL- ,irr.  t.  v'ri.f'ri 


idle  i- >/ « 


t>«*  n»,*.un:brj  \  W  -t!i  t»/J  ft"  tH  J  01*1/ 


rerfcraun ; ?c  av. 


a_. 


Model  II  «-■  Reward  as  a  F- paction  of  Goal  Attainment 


u 


Hie  concept  of  used  here,  is  related  to  the  psychological 

aspiration  level  ■=—  i-e* .  tbs  level  cf  performance  whose  attainment  ie 

pcrcsivod  as  constituting  ’‘success”  and  non  attainment,,  "failure "{  2/ 

The  role  of  eucli  d:  acrete  levels  of  performance  In  "decision  making* 

context  has  been  explicitly  formulated  by  Simon  HQ*  He  hae  postulated  that 

an  individual  engages  in  satisficing  aa  opposed  to  maximising  behavior. 

Perforoarco  in  a  task  aa^  ba  "acceptable"  or  "unacceptable"  —  in  the  litter 

case  an  individual  will  sea  rch  lor  alternative  ways  of  accomplishing  the 

task  u.:til  an  acceptable  performance  is  found.  Ths  decision  to  search  or  not 

is  assiv-jed  to  be  go=  no-go  <,  The  value  ^  of  performance  is  assunad  to  be 

1  at  or  abova  the  accept  ibis  level,  0  elsewhere „  It  is  argued  that  satisficing 

reduces  considerably  the  actual  of  information  the  Individual  requires  about 

the  wox‘ld  e,g-,  th. 3  etpected  contribution  to  performance  of  all  the 

possible  alternatives  that  could  be  elicited  by  esarch  thus  becoming  a 

vUblc  behavioral  pattern  under  the  suismptioa  that  human  rationality  is 

bounded. 


^  This  mcdel  le  a  modification  of  one  we  have  present*!  elsewhere  [  7],  In 
this  treatment,  however,  we  will  attempt  to  simplify  the  mathematical 
development  in  order  to  focus  on  the  relationship  of  the  model  to  existing 
theory  as  -roll  as  present  heuristic  interpretations  not  developed  in  the 
earlier  paper.. 

Thin  construct  has  been  formalised  in  Inwin  ett.al«  [14]  which  treats  the 
psychological  concept  of  valence  (roughly  attractiveness)  in  a  manner 
closely  resembling  utility  maxlnrf  action  as  has  been  pointed  out  by 
Starbuck  [17]0  The  p lychologieal  focus,  however,  has  been  on  the  ehoioe 
of  the  aspiration  levs!  rather  than  on  decision  affecting  behavior 
subsequent  to  the  aspiration  level  formation* 

^  Which  may  be  interpreted  as  utility,  if  desired* 


-3  9- 


Tho  satisficing  concspb  'ic.'j  b*«jr  extended  to  a  wulti  task  environment 
in  an  organization  -  theor  5t'.c  conMxt  by  March  anti  Simon  [15)  end  Cyert 
and  March  tiC  ] »  Thay  postulate  as  part  of  a  behavioral  theory  of  the  film, 
the  fomation  by  the  ruling  coalition  of  an  organization  (or  one  of  its 
sub-units)  of  a  set  of  goals  -  performances  designated  as  acceptable  -  for 
various  activities  The  organization t  ”nable  to  ccrpute  ite  j  ong  =run  expected 
profit  (or  utility}  under  assumptions  of  bounded  rationality.  formulates  these 
short  run  target:?  to  provide  ope  rat  ^orsl  base**  fer  declaim  '•r.’.Hng, 

The  behavioral  theory  extends  to  1 -n*.  asscoip'- xcu  'hat  if  porforosnea  in  cr.e 
of  the  aor.ivities  appears  to  be  falling  short  ef  the  target,  search  effoi-t 
11  be  concentrated  in  that  activity.  The  theory  ices  not,  however-,  provide 
for  the  allocation  of  affert  between  two  such  activities  or  even  which  will 
be  &ttenl*d  to  first  if  a  sequential  process  ir.  M-ivi&icr.ado  More  broadly* 
the  decision  as  to  how  to  allocate  effort  to  all  of  the  activities  where  goal* 
are  asstnaod  to  exist  for  lUt.urs  (as  yot  unrecorded )  performance  has  not  been 
considered , 

To  this  orei  vo  wish  tc  superimpose  on  perhaps  tic  injustice  to) 
the  satisficing  theory  a  function  which  combines  tha  various  goal  attainments 
Into  a  single  reward  figuie,  W«  assure  that  a  relative  weight  may  be 


associated  with  the  attainment  of  sad  goal.  We  extend  the  boundB  on 
rationality  to  the  extent  tb.et  the  probability  of  attainment  of  each  goal 
as  a  function  of  effort  allocated  to  the  activity  is  abound  tc*  be  known.  It 
should  be  pointed  out  that  this  lac'-,  voq; ires  the  computation  of  only  o.na 
point  on  the  density  over  the  entire  range  of  possible  performance 


V.fe  postulate  a  goal,  g4>  in  each  of  the  activities  and  a  relative 

J 

importance,  weight,  vr  ,  associated  with  attainment  of  the  J  --  goal.  We  dsfins 
a  goal=etta±nment  operator,  Zy  3uch  that: 
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20) 


where 


>, , 


where* 


astabliiihirig  a  dlchofony  between  acceptable  and  'meet eptable  performance* 


I’h.ii  organisational  sub  v.n  .t  super  vie  or  perceives  hie  reward  to  be  determined 


by  the  t c tal  of  his  poal  itlainments  weighted  l^y  their  relative  importance. 

1/ 
or  •  w 


u 

{2'..)  K  "  L  w.,a , 

.1  .  *♦  *  1  m) 


We  nwibc:r  the  aotavitio;.  ;j  that.  Hr  ,'i  -  1,  c  i  9  -i(/.  fer  sene  i(j)  >0 

nJ  'j 

is  selected  and  denoted  V  .  ibmilvrvy  v.ha  ar^c-'  ued  denooed  by  C 


Fv/.r  ,i  «  w  v  ?  ■  p  .  "  *  rf  7.  i 


il-  ’.hi-:,  ay  be  attained  wiidiuu! 


- ;  '  o  i  ° 

*  ^  **> 

if  To.vr.  lln.  probabill vis  j  o?  at.tttir.asnl  are  the*  fjMrsn  by? 
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«  g  -.o*.  -,a 


Tin  erected  ^l*:c  .f  ..  _s  Uiens 


E  .*J  »  J 
3  )  1 
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( (U  [P{».  >  E,)}  *  CFi*j<  *.'3  ’ 


J- nr*'  1^  o  n  r.  t  n 


in  a  jnennor  analogous  to  that  described  for  Model  I*  performance  and  effort. 
alle^*:.tion  may  be  shcfc-n  to  be  invarient  under  a  multiplicative  transformation 
of  the-  Vy 


R«oftllirig  that  ve  assnae  in  this  oodal  that  <b»  sub-unit  supervisor  wishes 

to  avajdrrias  Ida  expeetod  jew  *rd  va  note  tha; : 


(23) 


a  n  -a,  P,  n 

E(R)  -  I  wJ2(z.)  -  Z  v.c.O-o  3  3)  ♦  £  w. 

J-i  3  3  J-l  3  3  J 


i»5«co  tha  Btiparvi.BO*  will  not  gain  fraa  effort  allocation  tc  activitios 
.1«5nti,  4.,r,  these  and  other  constant  tern-a  .ray  be  a?i:djiated  yielding  the 
problem: 


(24) 


»»  C  3 

Minjj.-35.zeo  M  w.e.a-.  J 


u 

Su’o  j  set  to:  2 

6-1 


o»  J 


n 


which  L  in  a  mathematical  form  idsntieal  to  that  of  Modal  I, 

We  define: 

(25a)  f,  -  3n 

and 

(25b)  /  -  '  .1  |Cj  >  0  ) 

A  A 

Th  tn  we  renunbor  the  •  '*!  ritioe  to  that  ic  the  largest .  the  nacct„  end 

ii 

=.o  on  The  selection  of  'loo  yswrr*  30*.  J  ,  is  determined  by  tho  inequ«>.!  tty 
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(20 


min 

rcJ 


>  raaxt  f 
•  1 


v  f  ^ 

The  »lgorlt'-a  for  solution  proconds  by  tasting  J  ■  n  I j  , 

J*1  »  •£  2^  ,  etc,  until  a  J  ic  found  which  satisfies  the  insqnaM.j  , 

Having  ietennir.ed  the  set,  th«  optical  effort  allocations  are  given  by: 


Clearly  tha  rol-ititn  ie  too  coriplex  in  its  exact  fora  to  expert  that 
an  iniiTidual  will  cojiseiously  baha^o  precisely  in  this  fashion.  Simplifications 
art  pcr>  a  ibis  with  additional  aeeaeptiona.  Wo  shall  provide  one  ac  an  ey ample 0 
Suppose  the  products  'ajvjc^'  distributed  acccnilng  to  a  special  fom  of 
tho  Pareto  di etributton  such  that? 


(28)  »  (<n w^e^)  j  x  - 

\ 

Then,,  suppose  tliat,  in  U  si.  'a*  J1  -  11}  3  J"  "  (1»2>  etc.,  ret  her  then  tains 
the  quantity  between  tho  inequalities  in  (26)  he  uses,  respectively,  the 

A  A 

lever  bounds,  ete<>  ^iLS  this  appraodisatian,  and  denoting 

by  %  Kex  £  the  f  in  (27 )  becomes  simply 

Xt  « «-  ''fi  S  >  r 

•V 
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(29^ 


e* 

^  t  - 


u  *+  I 

r 


Nu*  ^  tha  •  ^  r  <  V—  r  au  'ciicio  with  thJta  rule  tne  eff >rt  lsy 
expended  on  poasib  --  .’ewer  tasks  thin  in  the  exact  solution  Taking 
ant.i  logarithms  in  (29  >  and  substituting  from  (2B)  ve  obtain 


'.30) 


■)  •> 
r 


•Mi 


*  cimp  e  heuri.-t  l*  no  .h  s  octsbli-ihed  t.vA  <  v  s.c.cUi‘  /  U  the  o;i*  wUh 

the  largest  (a ^ jc  ^  no^  to  revive  effort,.  then  of  Tor  -  will  be  ajjocav*d 


th 


such  th'2*:  the  v^—  vdty  renatvns  effort.  *x>  the  e.rtent  neceosaiy  to 

tl  t  m  ‘  ■ 

r tt  *\.n  io  r —  tfOi.iT  "ith  probeolHl)  fl  £  •  tcrnac  the  halting 

probability  '‘bus.  ij  all  rf  th:  avniT.eh'e  effort  in  allocated  to  thrao 
actiTitiip  then  the  gcal  In  olie  i ir at  activity  will  h?.'w  an  attairuawnt 
?  2 

probability  of  a,„  the  second  r  and  tfc*  third 

4  4  ./ 


“  i&-o  Whether  or 

.i  3 


not  this  kind  of  heuHsti;  will  he  learned  or  adopted  by  an.  individual  may  be 
teat^id  h>  a  exoeriimnt  where  tl»  relative  aises  of  the  (a.w.c.) 

vJ  J  «) 

say  mo  ..tarni)u*.d  at  Kal  In  e.  fle.'t  .1  situation,  th®  form  or  forma  of 
hear'.Bt:'.*  e  specific  o<.  the  actual  or  oerceiwd  values  would  need  to  bo  developed 
for  tea'.  The  case  given  hero  Jn  merely  deoonstratiye  of  a  possible  way  to 
proceed  ‘rom  an  optimise?  scheme  baa  si  upon  the  exist.-nce  of  goals  to  a 
hesr.st^  which  produces  tr  approximate  solution  to  the  optimization  u^oblec1. 

•■ih  ♦  a  £.1  ao.U  lty  ffinl.-i  i  it  o  no  a  candidate  f  >r  a  tual  behavior 

In  the  satintlo-Jiig  context.,  the  ir.tarpcetation  of  tha  aolution  merits 

additional  consideration  It  in  assumed  in  the  behavioral  theory  of  the 

firm  ^  f nd  in  business  writing  generally  that  supervisory  effort  tends  to 

be  sufficiently  limited  that  it  ia  the  "exceptions"  or  unsatisfactory 


IT" 

au/  I 


as  devexeped  in  Cyert  and  March  Cl0] 


performances  that  re  os  ire  attritions  In  its  simplest  form*  the  solution 
suggests  a  partitioning  of  activities  into  two  aeta-thoee  which  receive 
effort  and  those  which  do  not0  -  For  those  activities  which  initially 
had  goal*  above  zero-effort  performance  and  do  not  receive  effort  it 
would  seem  that  satisf  .ctory  performant^e  for  them  has  been  redefined  to  be 
fi-erc-  effort  }»rfomanco 

*■/*>  might  therefore  propose  a  ^onjeoture  whose  investigation  Is  beyond 
the  uft&pe  of  this  papat*.,  vim  that  ths  goal 'Setting  process  is  at  least  a 
two 'Stage  process  Thn  initial  goals  are  weighed  against  the  effort  available 
for  attaining  them  by  an  optimisation  or  heuristic  method.  The  subset  of 
activities  for  which  goal  striving  1  a  represented  by  receipt  of  effort*  are 
then  taken  to  ba  the  goals  seta 


\j  Clearly  a  dichotomy  between  recipients  and  non-recipients  of  effort 
could  hold  for  a  .arge  class  of  assumed  technological  or  reward 
functions  In  addition  to  the  one  used  here  9 


Model  3  -  Reward  Maxtalrat  j  on  Subject  to  Constraints  on  Individual  Actltitlsa 
It  has  been  auggaoted  that  thu  peysfctilogical  aspiration  lave]  is  not 
single^valued  but  rath  or,  that  an  5rrli  vidusl  hi-s»  with  respect  to  a  siren 

1/ 

task,  two  or  nor*  level?  at  which  ho  perceives  discontinuities  in  satisfaction  o 
In  ths  industrial  ooctrcl  e  nvironc&nit  frequently  several  standards  are 
found  to  eod.st  for  the  earn*  taslc  -  o-g-,  a  "perfect"  or  "ideal"  standard, 
aqd  "attainable"  etaodajd,  a  "basis'’  standr-ni  -  each  carrying  a  different 
connotation  as  to  the  daeii-abOity,  or  necessity,  of  attainment:,  In  military 
intelligence,  roe  level  of  information  is  categorl:  as  "need  to  l-.cv", 

a  higher  1  vei  as  "nice  tc  h:.-f  V: 


One  could,  of  coarse,  charac^nii.6  tlisse  differences  in  terra  of 

a  goal  whoso  atteinmnnt  is  par-calved  as  associated  with  reward  w^»  a 

r  t 

higher  goal  g.  with  rowaid  w^,  etc,  Pavioualy  the  nusber  of  goals  and 
rewards  ear  be  increased  until,  at  the  limit,  every  level  of  performance 
that  can  be  rtrco^nisec  (i,e,,  erary  a^)  in  associated  with  a  particular 
rewards  If  all  of  the  'ncreasn^al  rrswards  are  proportional  to  the 
performance  incruments  trlth  whJ.ch  they  are  associated,  the  resulting 
reward  maximisation  problem  is  identical  to  that  of  profit  maximisation. 


For  example,  Gardner  [X«],  p,  6.5  suggests  » 

Might  not  an  individual  in  a  task  such  as  dart^  throwing  entertain  at 
one  and  the  same  time  t.  will  hope  that  he  will  mako  a  perfect  hit  and 
a  ;nnrs  prudent  hope  that  he  trill  at  least  hit  the  target,  with 
perhaps  an  additional,  self  conscious  hope  that  ha  will  not  appear 
toe  awkward  in  the  »*yer  of  the  experimenter?  In  other  words,  is  there 
not  considerable  likelihood  that  an  individual9  e  a  on  a  given  trial 
are  manifold,  fluctuant.,  ephemeral,  and  differing  qualitatively  as 
well,  as  quantitatively  with  thoea  alme  which  involve  a  specific  score 
often  giving  way  to  airs  which  cannot  possibly  be  described  in  terms 
of  score  values? 


In  a ny  errant  ,  ejctsroicn  of  the  model  in  thin  direction  in  trivial 0  at  least 
with  the  technology  aetuaati  Furthermore*  extensions  of  this  kind  do 

not  allow  for  qyalit&tive  differences  in  the  way  such  multiple  levels  may 
be  treated- 

e 

Taka,,  sc  an  example,  a  student  who  defines  as  "go a  performance"  the 
grade  of  A  in  two  of  his  courses  and  B  in  three  others*  Let  ue  further 
suppose  that  or*  of  the.  latter  i;j  a  course  nhieh  is  relatively  unimportant 
to  bin  -  say.  far  re:r*>  rad  from  his  major  field  -  and  attainment  of  a  B 
difficult  as  well*  Under  assumption  of  the  straightforward  reward -msximiaa- 
tion  problem  he  sight  well  arrivi  at  a  solution  which  allocates  no  effort 
to  this  course,  Irosuing  the  suro  effort  solution  to  be  a  failing  grade*, 
it  seams  reasonable  to  assume  that  although  it  might  interfere  with  hie 
go  d  performances  in  other  courses  the  student  would  not  wish  to  fail  this 
one.  More  generally,  hn  might  wish  to  make  sure  that  his  effort  allocation 
assures  him  of  a  small  '-zobabllity  of  failure  in  each  course,  regardless  of 
the  importance  to  him  of  good  performance  in  the  ocurre* 

In  the  industrial  environ*  art,  similar  examples  of  qualitatively 
difforent  treatments  of  activities  are  perceived*  Success  or  failure  of  a 


w  It  may  bo  shown  that,  for  a  set  of  goals  g.  k“lf  uo*  CP,  associated 
with  a  sot  of  rewards  such  t  at  w^  is  the* neemegative  incremental 


reward  obtained  by  attaining  g.  rather  than  g.  ,  where 

.1  ?  *«'  -  (1~*  1  >  * 


P(* 


it  is  merely  necessary  to  substitrrfes  the  quantlt; 


P 

L 

k**l 


WkJ  *kj 


for  VjCj  in  the  reward  maximisation  problem  shown  in  the  previous  section* 


47 


en»rviaar  in  areting  a  ppxhiction  deadline  rarely  appears  cn  a  budget 
evaluation;  if  anything  the  a  oat  a  ineu.-n'ed  by  reason  t*f  the  /allure  eie 
generally  reflected  in  another  supervisors  accountso  Yet,  Meeting  producti on 
deadlines  frequently  *  >«na  to  be  takon  as  a  "given"  ;  such  Items  seen  to 
have  a  doainant  rolr  which  cannot  be  readily  perceived  vilth  relative 
weighting  sehfmssr  'They  aeau  <;o  have  the  characteristics  of  a 
sins  qi*  no  .  or  vure  constraint  \4i !•»«  att* 4 «««nf  <  «•  before  the  * 

meanirse  taeone  relevant 

'fher'i  are,  of  course.  aoveral  wavs  in  which  such  qualitative  differences 
m\ght  be  repr  a'jt’tod  As  an  example  we  present  the  toilcwing  (simple) 
ivj presen ts'icn  in  which  the  supervisor  nets  "Limits  on  the  probability 
of  !jerfor»'incos.  i’allins,  below  sou®  "uinittum  acceptable"  levels,  djp  These 
are  assnad  to  odat  1>,  a  cubsct  of  the  activities  in  which  he  is  8trJ.viag 
co  attain  '’good'’  peri’c  naa^cs  levels, 


In  later /levs  ccrrl  acted  by  one  of  the  authors  in  connection  with  a 
field  study  f.l?J  Toremen  queried  about  their  goal*  indicated  son*, 
varlcuit.  of  ’Veil,  the  production  schedule  has  to  be  -set  -  and  no  if'e 
about  it"  but  could  not  put  a  relative  weight  on  this  target  in 
comparison  to  other  goals.  Nevertheless,  they  Beamed  to  associate  the 
attainment  of  other  goals  .usually  cost  and  quality  with  the  "score 
cards"  their  superiors  kept  on  their  activities  for  retention  and 
promotion  decision:*.. 


If  'onse  of  t  he  activities  are  not  perceived  aB  having  goab  whin.' i 
contribute  iweitivsly  to  his  rewards  beyond  attaining  the  minimum 
acceptable  level,  they  may  simply  enter  the  reward  function  with 
zero  waight  and  some  duany  goal  -  e  ,g„,  the  minimum  acceptable  level- 


We  a«u  jno  the  reward  £  notion  arxi  terminology  of  Model  II  except  that,  for 


simplicity,  we  Jgnoro  the  possibility  of  g 


that 


.  '  a  .  or  d.  ™  a  .  and  asuume 
1  oj  j  oj 


(3D 


P(x,  >  dj'.  -  e’  (1  -  » 


where  t; t  Is  the  k, ,  associated  with  the  performance  level  a .  .  corresponding 
».*  ij  ij 

to  dj.,  For  con’sniencs,  wa  assume  that  the  n  activities  are  numbered 
initially  so  that  tho  first  m  of  them  have  minimum  acceptable  lsvoln^  Defining^  1 
a*  tho  maximum  rif  k  of  non-attainment  of  dj  the  supervisor  is  willing  to 
take,  we  may  state  the  reward  maximization  problem  as  in  (24)  with  adjoined 
constraints ,  vis.  , 


(32) 


Minisize*  l  w^c,  e 
j-1  w  3 


•aj  cj 


tf  .  Cj 

Subject  to*  Cj  (le  J  > 


3y  •J“1 


t?  *>  e  jf 


•  ■* 


"  C 3  <  c 

J-l ,  3 

Cj  >  J*1*  °°°*  n 


Although  straigntf orw? rd  application  of  the  Kuhn-Tuckor  conditions  is 
possible 0  the  following  transfonnaticn  simplifies  the  problem  considerably, 

•TO 

Lpt  P 
Let 


be  defined  by  the  equations 
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^  *  1>  4 

"j (1  ’  5  -  3i 


V° 


j  1.  r  m 

j  -  m  *1„  ,  ,  n 


Th*n  we  rtffert  a  tran.ifon2E.ti  on  of  the  f.  such  that: 


(30 


^3 


»  7 

\\  ’  3 


-  1, 


The  adjoined  constraint:*  aro  sati3fiad  if  and  only  if  non  negativity 

holds  fo;*  the  D« lining 

J 


(35) 


/ 


it  ie  clear  that  for  the  problem  to  be  feasible,  ^  >  0  The  trans-forned 
problem  way  be  nhAttfd  w  t 


MJjrdndrje 


wjv 


Sub  lev;  to? 


< 


/ 


& 


f j  >  C,  J-l 


R 


The  mathematical  solution  is,  of  course t  Identical  to  ^hat  of  Model.  It 

The  behavioristic  Inter pret&tion  of  the  effort  allocation  decia4oo  made  '  a 
best  viewed  as  a  two  stage  process^  "iret,  the  eapervisor  atljcates  .  11  of 
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the  effort  nece?iary  to  satisfy  tho  "Busts”  «  the  ndniaun  performance  require 
manta  he  perceives  to  exist „  Than  he  allocates  whatever  is  left  over  to 
reward  maximisation,  ^oas  sort  of  mechanism  of  this  kind  is  necessary  to 

explai"  the  occurrence  of  situations  where  increased  difficulty  in  one  activity 
-  eg,,  an  extremely  tight  production  schedule  -  seems  to  cause  a  whole  series 
of  tudfeet  "exception!! "  (failures)  without  a  corresponding  increase  in  reward 
associated  with  the  activity,  Under  the  unconstrained  reward  maximization 
model,  a  sufficiently  great  increase  in  difficulty  would  drive  the  activity 
from  the  set  of  activities  receiving  effort  unless  its  contribution  to 
reward  were  very  high  If  the  weight  were  high,  however,  one  would  expect 
a  considerable  amount  of  effort  devoted  to  the  activity  generally,  even  in 
pe-ioda  when  attainment  is  easy,  with  a  resulting  high  expected  performance, 

Tlic  last  is  not  general! y  observed j  things  like  production  schedules  seem 
to  be  met  cona.it  tently  but  exceeded  rarely. 


A  similar  developnent,  and  similar  interpretation,  can  be  constructed  for 
the  profit  naxlmlr.ation  model,  i<,e,  suppose  a  supervisor  in  a  decentralised 
firm  is  given  profit  maximisation  instructions  but  (as  seems  to  occur  in 
practice >  is  also  expected  to  adhere  to  certain  policies  presuaed  necessary 
for  coordination  of  the  activities  of  the  decentralised  unite.  Under  these 
conditions  it  might  be  expected  that  he  would  allocate  whatever  effort  is 
left  over  from  the  satisfaction  of  specific  policy  objectives  (whose 
attainment  is  a aa:.sr  to  measure)  at  mini—  risk  to  profit  maximisation 
(whose  raoaauremanr.  is  more  difficult).  If  the  policy  objectives  arm 
difficult  tc  satisfy,  the  effort  allocated  to  profit  maximisation  may  be 
small  and  profit  l-*#.  Such  a  phenomenon  could  explain  the  existence  of 
profit  objectives  in  addition  to  (or  instead  of)  profit  maximisation 
instruct! era,  Should  other  policies  be  incompatible  with  sufficiently 
high  profits  -  an  infeasible  problem  -  than  a  re-evaluation  of  other  policies 
might  result  rather  than  a  continuation  of  a  policy  structure  which  simply 
produces  low  profits.. 
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Model  IV  -  Maximization  of  Probability  _  af_  Attainment  of  .QLl  Ocala 

In  this  mod  air  we  go  still  one  step  further  in  the  direction 
of  reducing  the  Importance  of  relative  weights  attached  to  goal 
attainment.*  Specifically,  we  assume  "good  performance"  to  be 
defined  as  attainment  of  all  goals,  This  is  particularly  relevant 
to  ths  situation  where  the  goals  are  viewed  as  r&irummm  speci.fi  ca¬ 
tions  without  whose  attainment  the  entire  product  is  considered 
unacceptable. 

Taker  for  ax&mple-  the  specification 3  for  an  airplane. 

Among  other  things,  minimum  top  speed,  minimum  ranger  minimum 
payload,  etc.,  are  specified  in  aavanccc  Mo  increase  in  top  spesd 
above  this  maximum,-  hoxever,  could  compensate*  say,  for  an 
inability  to  take  off  with  a  pilot  aboard  (assuming  this  to  be 
a  manned  aircraft),^ 

In  the  control  environment  context  to  which  we  have  related 
our  other  models*  a  situation  may  be  comprehended  in  which  a 
superior  s  polity  may  be  stated  as  "no  exceptions  will  be  tolerated." 
Such  a  policy  was  followed  until  quite  recently  in  the  promotion 
of  military  officers;  only  office:  s  whose  efficiency  reports  wors 
j-erfect  throughout  their  careers  could  be  recjmmandcd  for  early 
or  erection,  Tha  business  axecutivb  who  asks  for  a  report  of 
oxplanati  on  fro..:  ©very  supervisor  who  failed  to  make  any  budget 
is  following  a  similar-  if  somewhat  fsas  sfvere,,  policy  of 

1/  Another  plane,  designed  to  be  unmannsi  might  be  designed  to 

fly  faster  but  the  specifications  for  this  on©  call  for  a  pilot. 
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penalid.ig  one  or  many  deviations  equally 0 

Ur  d  ir  aiy  of  these  conditions  only  attainment  of  all  goals 
will  suffice,  Hence,  maximizii^j  the  probability  of  acceptable 
)>nrfcraic-ice  -  the  probability  of  attainment  of  all  goals  - 
uaiimiz  as  expected  "eworcr  Assisting,  for  simplicity,  the  various 
goal  attai.nments  to  bo  independent,  the  Joint  probability  of 
fttainmant  a  ay  be  *otpt  es3ec  as: 


(37) 
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1*1 


f  (xJ  *  *J} 


rr  c.a -s^/jh  rr  cjc7T  (wVjh 

j"i  J  j-i  J  j-i 


Maximizing  Q  i r  clearly  equivalent  to  minimizing  the  quantity; 


(38) 


‘3  . 


5  -In 
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n  c . 

Pi  3 


sc  that  the  probl eu  nuy  be  stated  as 

n  .  _  f 

Minimize:  •  1  ln(l  -  e  j  J) 

yi 


(39) 


n 


Subject,  to:  I  <j  <t 

J»3 


An  explicit  solution  for  the  ^  j  is  not  available  readily,  If  at 
alio  An  approximation  to  the  explicit  solution  is  available 
which  makes  use  of  the  fact  that  unless  the  probabilities  of 
non-alt  aliment  of  the  Individual,  goals  are  quite  small  the 
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product  of  the  attainment  probabilities  would  be  meaningless 
as  a  criterion  function.,  I-ec  *  what  is  the  meaning  of  maximizing 
the  probability  of  acceptable  performance  where*  say*  it  is  in 
the  neighborhood  of  10jf?  The  derivation  of  the  approximate 
solution  is  given  in  the  appendix.. 

Specifically*  the  optimal  effort  allocation  is  given  by: 


(  —  — —  In  ' •  .1 )  9  J  •  Is  ooo»  n 


(40) 


v 


where 

(4l)  v'--  *  exp  [  -  1  (£ 

n  1 


1  “j 
■1  J 


((  -  “  r  In  a  )  3 
1_  3-1  aJ  J 


J-l 


and 
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Because  the  failure  to  attain  any  goal  would  result  in  a  zero 
possibility  of  acceptable  performance,.,  all  activities  must 
receive  efforto  The  requirement  that  the  non- attainment 
probability  in  each  activity  be  small  is  essentially  a  require¬ 
ment  that  be  small  relative  to  each  of  the  or*  alternatively* 

n  i 

that  C  be  large  relative  to  I  ~~  In  a.  as  may  be  seen  in  (4l)o 
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%J  This  upper  bound  for  fA  le  approximately  M  (l  +  PM)  Thus  M 

3  ^  y 

as  an  approximation  to  ^  is  in  error  by  no  more  than  P fX 


Where  -h.  is  quite  snail,.-**,  is  a  good  approximation  to  and 
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to  ~~ZZZ.  -  Examining  this  case,  we  note: 
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’his  appi oxina ;ion  is  identical  to  r.he  soluti  on  of  the  reward  max* 
imization  problem  of  Model  11  where  ^  is  large  and  the  •  are 
all  equal  to  1  In  the  current  problem,  equal  •  are  tantamount 
to  equal  weights, w^  ,  since,  for  the  same  reasons  that  require  ^ 
to  be  snail  relative  to  ,  the  must  all  be  close  to  1  lor 
tie  criterion  to  be  meaningful. 

Thus  we  vould  expect  similar  behavior  to  result  from  a  'no 
exceptions”  policy  and  a  policy  of  not  distinguishing  between 
exceptions  where:  *1)  the  amount  or  effort  available  is  suf* 

iiciemly  large  that  all  activities  would  receive  effort;  and  (2) 
rht  limiting  probabilities  it;  all  ai.tLvitiec  are  cIogc  to  unity. 

The  >:ia]Oi  difference  between  the  two  policies  would  seem  to  be 
that  "counting  exceptions''  would  r<  main  a  viable  policy  if  total 
effort  should  be  substantially  reduced  or  sane  of  the  in«r*d3ed 

rubstantial ly  in  difficulty  in  situations  wnece  cue  "no  exceptions" 
policy  would  cease  to  be  viable.  There  is  a  safety  valve  in  ot*-- 
thc  ability  to  drop  an  activit/**that  docs  not  exist  in  the  other. 
Assuming  that  an  individual  con lo  be  motivated  to  respond  to 


either  policy,  the  choice  between  them  would  seem  to  be  dictated 
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by  whether  it  was  desirable  to  drop  a  subset  of  activities  or  to  drop  til.  goa. 
attainment  probabilities  generally  if  difficulty  in  one  or  more  goals 

increases  relative  to  the  effort  available. 


Relationships  Among  the  Models 

At  the  beginning  of  this  paper  we  noted  the  possibility  of  a 
difference  between  ihe  desires  of  higher  management  and  the  criterion 
function  to  which  a  supervisor  might  actually  respond.  If  such  a  disparity 
exists,  it  is  in  the  interests  of  higher  management  to  translate,  if 
possible,  its  criterion  function  in  such  a  way  that  the  supervisor 
satisfies  it  {perhaps  approximately)  by  satisfying  sis  own. 

It  is  generally  assumed,  in  economic  treatments  of  control  in 

1/ 

decentralized  systems,  that  the  supervisors  of  the  decentralized  units 
will  (or  should)  maximize  the  profits  of  their  individual  units.  The 
resulting  overall  performance  will  then  be  optimal  provided  certain 

y 


conditions  on  the  interrelationships  between  the  units  obtain.  Suppose, 
however,  that  the  unit  supervi sort  can  respond  to  goal  but  do  not  maximize 
profit.  The  control  problem  may  then  be  3tated  in  terms  of  designing  a  set 
of  goals  which  will  produce  the  same  effort  al  lccat ions— -and  performances  — 
as  profit  maximizing  bobavior. 

Recalling  the  mathematical  forms  of  the  functionals  to  be  minimized 
in  the  expected  profit  maximization  and  reward  maximization  models,  viz.  , 

n  p, 
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1 J  See,  for  example.  Arrow  [1  J. 

2/  \  thorough  treatment  will  be  found  in  bT*  i  ns  ton  f  i»ol. 


“3^ 

art  intuitive  formulation  is  clear.  If  tlie  rewards,  v  ,  and  goals, 

(tizvl  hence  the  associated  c^),  are  chosen  such  tint,  for  the  activities 
receiving  effort,  vlnths  profit  raaxl'rj  ration  solution)  „ 

(44)  V  »  lc  [£..<x  -  ® ;  ) j  »  r£j 
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ar.-'!;  £cr  there  not  receiving  effort  in  tie  profit  maximization  solution, 
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Tlsat  is.,  to  assure  that  effort;  is  not  rliocated  to  an  activity  the  rvw.vrds 
arui/m*  Uniting  probabilities  of  attaiwront  for  road  only  be  sufficiently 
small  0  A  alnpie  e:cpedi  out  which  minimises  the  ancunt  of  cavnunloatlon 
required  would  be  *  ottini’  ell  of  the  v  ••  0., 

A  more  rigorous  statement  of  the  necessary  and  sufficient  conditions 
is  p rove i  as  a  theorem  n  Appendix  2.  These  formal  relationships  are  lass 
interesting,  hewever,  l:han  the  relative  simplicity  of  the  translation. 
Similar  trunuletionj  can  be  developed  for  the  othar  models.  We  have  already 
alluded  to  the  similarity  between  the  chance •cons trained  reward  maximization 
problem  of  Model  III  and  a  simr.larly  constrained  profit  maximization  model. 
Also,  the  equivalence  l e tween  the  approximate  solution  to  the  Modal  IV 


problem  and  n  reward  maximization  problem  with  equal  weights  attached  to 

u 

each  activity  expands  the  scope  of  possible  translation. 


1/  Note,  ho. 'ever,  that  translation  of  profit  maximization  for  a  supervisor 
respctiding  to  a  "no  exceptions"  policy  is  severely  limited  unless  some 
way  of  partitioning  the  activities  may  he  found  such  that 
djfXj  -  ~  *ok)  for  *11  j»  h.  The  frequent  occurrence  of 

"no  exception"  policies— e. g. ,  in  government  purchase  contracting— may 
attest  to  difficulties  involved  in  specifying  criterion  weights  or 
performance  contributions.  Alternatively,  a  reexamination  of  tiae  usefulness 
of  such  contracting  procedures  may  be  suggested. 
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uiLus  have  suggested  the  .LiLy  oJ  O'.'.u.'&t.i.ig  uat-t-j.  r  . 

to  profit  maximizing  behavior.  An  obvious  alternative  suggested  by 
the  relationships  investigated  here  is  the  translation  of  the  desirac 
behavior  into  the  motivational  framework  of  che  supervisor --if  such  can 
be  established— rather  than  attempting  to  modify  that  framework. 

Conclusions 

We  have  investigated  optimal  behavior  in  a  variety  of  assumed 
motivational  situations  and  the  relationships  betv/een  them.  We  have 
developed  heuristic  approximations  to  some  of  the  optimization  procedures 
which  can  serve  as  bases  for  behavioral  predictions  in  actual  situations. 

An  interpretive  limitation  should  be  noted?  however-  We  have  agsuu>d 
throughout  that  an  individual ;s  bahavior  will  conform  to  that  idiioh  maxi* 
mi zee  soma  criterion  either  exactly  or  approximately  nr.pirical  validation 
of  c ha  behavioral  predictions  would  not  validate  maximization  a a  a  motive* 
tional  drive  or  assumption  but  rather  the  predictive  usefulness  of  the  model 
for  design  of  control  systems,  The  latter  would  be  analogous  to  the  usage 
of  tha  principles  of  least  action 0  least  constraint,  etc  in  the  physical 
sciences  without  the  ascription  of  a  behavioral  teleology  to  inanimate 
objects 

We  have  attempted  to  show  how  the  maximising  models  are  related  to 
certain  "rules”  of  behavior  which  may  be  stated  programmatically  -  u..g<  e 
"first  work  on  the  activity  which  has  the  largest  product  of  return  to 
effort  and  reward-" 

But  graater  specificity  -  e0g-  „  when  to  start  working  on  the  second 
requires  increasingly  greater  incorporation  of  sophisticated  computational 
routine*  We  have  thus,  at  best?  taken  only  a  step  in  the  direct ion  of  pre 
dieting  types  of  behavior  idiieh  appear  to  be  highly  progriwad  but  devoid 
of  complex  forme  of  computet  ion-  Eg  ,  the  department  store  buyer  if  Qyert 
and  March  [10]  and  Clarkson's  [9]  trust  officer  exhibit  behavior 
which  is  highly  predictable  from  the  behavioral  programs  which  they  seemed 
to  have  developed  for  themselves*  The  relationship  between  these  programs 


and  an  underlying  motivational  framework  is  not  made  explicit 
papers r  however-  Implicit  in  the  desLgn  of  control  systems  is  the 
problem  of  altering  oehav io: al  programs.,  a  problem  whose  solution  could 
idoubterily  be  facilitated  if  it  were  per, eible  to  elter  behavior  by  setting 
appropriate  goals  rattier  than  by  altering  the  programs  in  detail <« 

Tims .  an  avenue  suggested  for  future  theoretical  research  is  the 
r.earch  for  models  of  motivation  structure  whose  heuristic  interpretations 
can  be  made  more  expiicit—in  terms  of  behavioral  programs  *  -but  whose 
computational  requirements  arc  less  demanding  than  those  exhilited  here 
Obviously  individuals  do  make  a  choice  of  the  activity  to  be  allocated 
ci fort  first  and  when  to  turn  attention  to  anochet^ control  systems 
ut^i icing  goals  in  various  activities  continue  to  be  observed.  The 
further  investigation  of  the  effects  of  multiple-goal  control  systems 
on  effort  allocation  programs  with  an  emphasis  on  developing  the 

v 

heuristic  solutions  seems  merited. 

At  this  point  however,  the  models  presented  here  have  been  and  can 
be  useful  for  providing  behavioral  predictions  for  empirical  test. 

Empirical  observations  are  necessary  as  a  guide  tc  tnc  choice  of  dircctior 
for  the  search  for  motivational  frameworks  which  provide  promise  of  serving 
a  a  vehicle  for  controlling  the  development  of  behavioral  programs. 

Two  theoretical  work*  which  are  suggestive  of  particular  directions 
of  attack  are  the  non  Archimedean  utility  structures  of  Charms  and 
Cooper  in  [31  and  the  vector  utilities  derived  in  Charms,,  dmef 
and  Kortanek  [2]* 


y 
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Appendix  1 

lie  wish  to  find  an  approximate  solution  to  the  problem: 
Minimize  -  £  In  tl  -  e  J  J) 


Subject  to: 
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where  ,  throughout,  the  summation  is  understood  to  be  over  j»l , 
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It  will  be  recalled  that  the  original  statement  of  the  functional 
was  in  terms  of  an  overall  probability  of  success.  It  seems  reasonable 
that,  inmost  situations,  unless  this  probability  is  fairly  large,  the 
individual  will  reject  the  criterion  and  adopt  some  other;  it  seems  unlikely  that 
an  individual  will  consistently  engage  in  an  activity  where  he  perceives 

1 J  Mote  that  for^s.0,  no  solution  obtains  for  finite  f>.  so  thac  the 

condition  on  L  P  .  must  be  satisfied  as  an  equal : ty. 


his  chances  of  success  at  much  leas  than  1/2.  For  the  problem  to  be 


•aeon  ngful ,  then,  the  components  of  the  joint  probability  must  be  fairly 
elose  to  1,  indicating  that  each  of  the  c  J  will  be  small., 


especially  so  t/hc^  the  number  of  activities  is  large.  Thus  the  ratio 
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suggesting  an  approximation.  We  note  that 
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Since  is  determined  by  p  =  £  *jj“  n  (1+  *j^‘) ,  smaller  values  of 
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~  are  involved  than  in  p  s.  £  \  •*  ),  hcnce^tmust  be  a  lower 

bonne  foi  p  .  An  explicit  solution  is  easily  obtainable  for  ,  for 
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We  note  further  that : 
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the  loft  side  of  this  new  inequality  bucoiue 


Dividing  through  by  E  , 
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a  strictly  increasing  function  of  x  for  0  <  x  <  X/fi 
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which  yields  the  unplicit  constraint  p.  <  l/-'»p 


Solving 


we  obtain 
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The  error  of  the  estimate,  /<  ,  is  thus  seen  to  be  bounded  via 
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Recalling  the  functional  in  the  original  problem. 
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1/  Since  either  root  satisfies  p  £  p  ,  the  smaller  as  the  closer 

approximation  to  f*-  ±.s  preferred. 
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There  g  is  an  arbitrary  constant, 


Condition  a  i )  i:.  clearly  sufficient  for  J  to  be  .-wciutied  in  the  set 


of  rhc  first  ra  j's  in  ihe  cut  effected  by  (22).  For  necessity,  suppose 
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profit  maximization  probleo  and  f ,  «  la(a^<5^)„  defined  for  the 

reward  maximization  problem 
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necessity  of  condition  iili)  we  introduce  without  proof  the  following  leiaua: 


il 


w>- 


Logana 


If 


A  1 

f  > 


then 


mfl  n»  . 

<S 

J=1  j 


A  1 

f  > 


m 

Z 


A 

f. 


-1  1 


mfl  mfl 


(  E  -J"  > 

j»l 


r-w  *, 

E  ^  -  P 


Hot: 


then ,  suppose  j  f t »  t  f  J  such  that 


-,,,  -l-j.  r,  it--'  1 

1  (  E  4*)  jfJ  ^  | 

J«J  L 


3y  condition  (ii)  and  the  lemma 


A  _ _ 

i  Z 


j€-J 


t  L 

implying  tfcj',  or  J'  *J,  a  contradictim. 
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implying  q< J ,  a  contradiction. 
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